We reconsider Stackelberg's classical critique of the Cournot duopoly, in the framework of endogenous timing for two-player games. For quantity duopoly we provide different sets of minimal conditions, directly on the demand and cost functions, yielding respectively the simultaneous and the two sequential modes of play. While our findings essentially confirm the predominance of the former, they also indicate that the latter is natural under some robust but restrictive conditions. No extraneous assumptions (such as concavity, existence, or uniqueness of equilibria ) are needed, and the analysis makes crucial use of the basic results from the theory of supermodular games. Journal of Economic Literature Classification Numbers: B21, C72, D43, L13.
INTRODUCTION
While falling short of broad unequivocal acceptance in modern oligopoly theory, von Stackelberg's (1934) critique of the Cournot equilibrium concept remains a fairly standard feature in microeconomic textbooks. A basic consensus on its inadequacy as a solution concept for the classical duopoly problem argues that the assignment of leader and follower roles to the firms is purely arbitrary, since exogenously imposed on, a priori, interchangeable players.
In formal game-theoretic terms, Stackelberg's proposal is not to be construed as a new solution concept for one-shot games, but rather as a subgame-perfect Nash equilibrium of a two-stage game of perfect information (with exogenously given first and second movers). Viewed as such, it becomes at once clear that Stackelberg's concept is natural in a variety of strategic settings in economics, characterized by the simultaneous presence of two natural stages and perfect information. These include entry deterrence models with the incumbent firm as leader, and several public policy problems involving one (or many) economic agent(s) as follower(s) and the government as leader.
More recently, a new trend has emerged, based on the premise that the order of play in a given two-player game ought to result from the players' own preplay timing decisions. In other words, the determination of simultaneity versus sequentiality of moves, as well as of the assignment of roles to the players in the latter case, should be completely endogenous. In an insightful paper, Hamilton and Slutsky (1990) construct an extended game by adding a preplay stage (to the basic game) at which players simultaneously decide whether to move early or late in the basic game, independently of each other. The basic game is then played according to these timing decisions: with simultaneous play if both players decide to move at the same time (whether early or late), and with sequential play under perfect information otherwise (with the order of moves as announced by the players). Thus, the subgame-perfect equilibria of this extended game induce an endogenous sequencing of moves in the original (or basic) game. This simple but fundamental relationship-confined to the basic Cournot duopolyforms the focal point of the present paper.
Several other studies have contributed to this development. 1 The present paper is another addition to this growing trend, focusing on endogenous timing for a classical model in industrial economics: the Cournot duopoly. We give different sets of general conditions on the demand and cost structures yielding all possible timing outcomes.
The main results may be summarized as follows. In a Cournot duopoly, log-concavity of the (inverse) demand function alone leads to simultaneous play as the endogenous timing, regardless of the cost function. In this 1 Leininger (1993) provides a way out of Tullock's (1980) "swamp" by showing that a slightly modified version of the rent-seeking game yields sequential play as the endogenous outcome, with the weaker player as the leader. Albaek (1990) and Mailath (1993) study endogenous sequencing in duopolies under incomplete information. Gal-Or (1985) , Reinganum (1985) , Dowrick (1986) , and Boyer and Moreaux (1987) investigate first-or second-mover advantages in various general or specific duopoly models. Finally, Robson (1990a) and Anderson and Engers (1992) compare oligopoly models with more than two firms and sequential moves with their Cournot counterparts. See also Boyer and Moreaux (1986) , Ono (1978) , and Robson (1990b) . Other related studies, not dealing with oligopoly models specifically, include d 'Aspremont and Gerard-Varet (1980) , Simaan and Cruz (1973) , Alkan et al. (1983) , Tovey (1991) , and Basar and Olsder (1982). case, the reaction correspondence selections are all downward-sloping, and this is generally considered as the typical geometry for this model. This result provides a precise justification of the extent to which the common perception of the Stackelberg solution as inappropriate for the quantity duopoly is valid. On the other hand, if the demand function is log-convex and production is costless, the reaction selections are nondecreasing and endogenous timing leads to sequential play with both leader-follower configurations. The third possibility is sequential play with a specific leader-follower assignment. This prevails when firm 1 (say) has constant marginal cost c 1 , firm 2 has no cost, and the demand function P · is log-convex while P · − c 1 is log-concave. In this case, firms 1 and 2 have decreasing and increasing best responses respectively, with firm 1 emerging as the endogenous leader. Examples illustrating this last possibility are presented.
For both cases with a sequential play prediction, the absence of costs is essentially necessary in order to get increasing best responses in a global sense. This is due to the fact that the mere presence of costs would eventually lead to declining best responses when the other firm's output is sufficiently large. In view of the atypical nature of these sequential predictions, it certainly comes as somewhat of a surprise that they hold under a relatively robust (though restrictive) specification of demand functions.
Furthermore, the emergence in the third case of the weaker firm (the one with higher marginal cost) as the natural leader is in direct conflict with the conventional attribution of roles associated with the Stackelberg equilibrium concept. (The prevalent view holds that the leader represents the strong or sophisticated firm while the follower is naive or weak, a view that unfortunately is not grounded in any theoretical foundations.) Together with Leininger's (1993) analysis of rent-seeking games, this sets the stage for a (model-dependent) reinterpretation of the roles of leader and follower in games with (a priori) interchangeable players.
Crucial to our proofs is the lattice-theoretic approach of supermodular optimization and games.
2 These are also called games with strategic complementarities and are characterized by the fact that a player's incentive to increase his action is nondecreasing in the rival's action. The key feature of these games is thus the monotonicity of the best responses. The advantages of this approach here are that (i) no concavity assumptions on the profit functions are needed, (ii) the existence of pure-strategy Nash equilibria is guaranteed, and (iii) although not necessarily unique, equilibria have an order structure and can be preference-ranked for both firms. This paper is organized as follows. Section 2 describes the model, the solution concepts, the extended game of Hamilton and Slutsky (1990) , and the main results together with their interpretation and some related examples. Section 3 provides a brief conclusion. Appendix A contains a summary of the lattice-theoretic notions needed here. Finally, Appendix B collects a number of intermediate results, some of which are of independent interest.
ENDOGENOUS TIMING IN QUANTITY DUOPOLY

Model and Definitions
Consider a homogeneous good duopoly with inverse demand function P · and cost functions C 1 · and C 2 · . With outputs x and y respectively, firms 1 and 2 have profits:
and 2 x y = yP x + y − C 2 y We now define Cournot-Nash and Stackelberg equilibria. A Cournot-Nash equilibrium is a pair x N y N such that, for all x y ≥ 0,
Assume that the quantity game is played with sequential moves and perfect information; i.e., the second mover (or follower) observes the action of the first mover (or leader) before acting. Thus a (pure) strategy for the leader (say firm 1) is a choice x ≥ 0, and a strategy for the follower is a mapping g: 0 ∞ → 0 ∞ . A Stackelberg equilibrium is a subgameperfect (Nash) equilibrium of the two-stage game, i.e., a pair x S g S · such that
Hence a Stackelberg equilibrium gives rise to a play x S y S such that x S y S lies on player 2's best-response (or reaction) correspondence, 3 defined by In the sequel, we continue to use the term Stackelberg equilibrium for historical reference, although subgame-perfect equilibrium (with perfect information) would be more precise.
The notion of endogenous timing to be invoked in the present paper is captured by the extension of a basic two-player game 4 (e.g., a quantity duopoly), due to Hamilton and Slutsky (1990) , henceforth HS (see also Amir, 1995) . The associated game tree is shown in Fig. 1 (here e and l stand for early and late, and 1 and 2 for the players' names).
The basic game is then played according to these timing decisions: with simultaneous play if both players decide to move at the same time (whether early or late), and with sequential play under perfect information otherwise (with the order of moves as announced by the players). Thus, the subgameperfect equilibria of this extended game induce an endogenous sequencing of moves in the original (or basic) game. This fundamental relationshipconfined to the basic Cournot duopoly-forms the focal point of the present paper.
Consideration is restricted to subgame-perfect Nash equilibria (SPE), in pure strategies only.
5 A player may not unilaterally choose to be a leader or a follower, though he may elect not to be the latter simply by deciding to move early in the preplay stage.
The characterization of the SPE of the extended game, which generalizes Theorems II-IV of HS (in that uniqueness of Nash and Stackelberg equilibria for the basic game is not assumed here), is now given. Note that the fact that each player prefers being a leader than a simultaneous player (at equilibrium) needs to be included as an assumption in our setting, as we do not assume continuity of the best responses; see footnote 3 and Lemma B.3 in Appendix B.
For a given two-person basic game, let N denote the set of Nash equilibrium strategies and S i denote the set of Stackelberg equilibrium strategies with player i as leader. Let E denote the set of SPE of the extended game. With a slight abuse of notation, each element of E can be written as a pair of timing announcements and a (sequential or simultaneous) play of the basic game. The proof of Proposition 2.1 follows easily from the proofs of Theorems II-IV in HS and is thus omitted. 
Results
Here we provide different sets of sufficient conditions on the primitives of the model (demand and cost functions) respectively leading to simultaneous and sequential outcomes in the extended game. 7 This means that both players move early and play any one of the Nash equilibria of the basic game.
8 While the assumptions contained in (a)-(c) regarding interequilibrium comparisons are certainly strong, they are always satisfied in the class of games of interest to us here. Furthermore, the assumption that the leader prefers his (worst) Stackelberg payoff to his (best) Nash payoff will be shown to be satisfied by the quantity duopoly at hand; see Lemma B.3. Note that this property may fail to hold for general two-player games, contrary to common beliefs.
It is assumed throughout that:
Standard Assumptions.
• P · is twice continuously differentiable with P · < 0 • C 1 · and C 2 · are strictly increasing, twice continuously differentiable functions, from 0 +∞ to 0 +∞ with C 0 = 0.
The next theorem gives conditions under which endogenous determination of the order of play yields simultaneous play-and hence any CournotNash equilibrium of the duopoly game-as the outcome.
Theorem 2.2. In addition to the Standard Assumptions, assume that:
• No Cournot-Nash equilibrium lies on a boundary (i.e., with one output being 0).
• P · is log-concave 9 or P · satisfies P x + xP x < 0 ∀x ≥ 0.
•
Proof. We first deal with the existence of the various equilibria. Lemmas B.1 and Lemma B.2 in Appendix B show that the quantity duopoly is a supermodular game, so that a Cournot-Nash equilibrium exists. Also, since the effective action spaces are compact (see Lemma B.1) and payoff functions are jointly continuous, Stackelberg equilibria exist, i.e., S 1 and S 2 are nonempty (Hellwig and Leininger, 1987) .
Next, Lemma B.2 shows that the least preferred Nash equilibrium for firm 2 is x y , where y is the lowest equilibrium output of firm 2. Using Proposition 2.1(a), we now argue that: (i) Each firm i is better off at any point in S i than at any point in N.
(ii) Each firm i prefers its worst point in N to any of its follower payoffs.
Part (i) is proved in Lemma B.3. We now prove (ii). Let x s y s be any Stackelberg equilibrium with firm 1 as leader, and x y the extremal Cournot-Nash equilibrium. As shown in Lemma B.4, x y = x s y s . Also, both points lie on r 2 · , the minimal reaction function of firm 2 (Lemmas B.2 and B.3). Now,
where the first inequality follows from the property of Stackelberg equilibrium described in Lemma B.3 and the fact x y / ∈ S 1 (Lemma B.4), and the second follows from the Nash equilibrium property. Since 1 is strictly decreasing in y, (2.1) yields r 2 x s = y s < y = r 2 x , and then r 2 · being strictly decreasing (see the proof of Lemma B.4) yields x s > x. Therefore, for every y, player 2's profit satisfies
Taking the sup over y ≥ 0 on both sides of (2.2) yields, by definition of x y and Lemma B.3,
This says that the follower prefers the worst Cournot-Nash equilibrium (for himself) to any Stackelberg equilibrium. A similar argument with firm 2 as leader (using then the Cournot equilibrium (x y with the obvious meaning) concludes the proof of Theorem 2.2.
The following result provides assumptions under which the extended game gives rise to a sequential play outcome, with both orders of move as equilibria.
Theorem 2.3. In addition to the Standard Assumptions, let P · be strongly log-convex (i.e., P · P · − P 2 · > 0) and C i · ≡ 0 for i = 1 2. Also assume that lim x→∞ xP x + y = 0 for every fixed y.
Then E = e l S 1 ∪ l e S 2 .
Proof. Since Log P is strongly convex, it follows that the log-payoff log xP x + y = log x + log P x + y is strictly log-supermodular in x y since
Hence, the game has (ordinal) strategic complementarities on 0 ∞ 2 in the natural order on the output sets, and every best-response selection is nondecreasing. Given the symmetry of the game, Tarski's fixed-point theorem says that the set of Cournot equilibria is a chain along the 45
• line, possibly including ∞ ∞ , but not 0 0 since monopoly outputs are greater than 0.
From Milgrom and Roberts (1990, Theorem 7), we know that both players prefer the smallest Cournot equilibrium x x to all other Cournot equilibria. We now distinguish two cases.
In order to use Proposition 2.1 (b) we now argue that: (i) Each firm i is better off at any point in S i than at any point in N.
(ii) Each firm i prefers its worst follower payoff to any point in N.
(i) is proved in Lemma B.5 and we now prove (ii). Let x s y s be any Stackelberg equilibrium with, say, firm 1 as leader. Note that x S y S / ∈ N, which follows analogously as in Lemma B.4 (details omitted). We have
where the first inequality follows from the Stackelberg property, and the second from the Nash property. Hence, y s < y, and since r 2 · is strictly increasing (analog of Lemma B.4), it follows that x s < x. Hence, for every y,
Taking the sup over y ≥ 0 on both sides of (2.3) yields
which says that the follower prefers any Stackelberg equilibrium to the best Cournot equilibrium, thus completing the proof for Case 1.
Then, by assumption, the Cournot equilibrium payoff corresponding to x x is 0, since lim x→∞ xP 2x ≤ lim x→∞ xP x + y = 0 (by assumption), which is also the smallest possible profit to a player. Hence, the leader will always pick a finite output, to which the follower will react with a finite output (since xP x + y → 0 as x → ∞ for fixed y), resulting in strictly positive Stackelberg equilibrium profits for both players. Thus, the follower would prefer any Stackelberg equilibrium to the unique Nash equilibrium here, and this completes the proof of Theorem 2.3.
The conditions of Theorem 2.2 are very general. Log P is concave if P is concave (or linear). Most commonly used demand functions are, in fact, log-concave. The limiting case is P Z = Ae −Z , which is strictly convex and log-linear (hence log-concave). This function satisfies the assumptions on demand for both Theorems 2.2 and 2.3, and thus, as one would expect, gives rise to constant reaction curves in the absence of costs (see proofs).
An example of a demand function which is not log-concave is P Z = Z + a −α , a ≥ 0, α > 1. This is, in fact, log-convex and satisfies the hypothesis of Theorem 2.3. Log-convexity is a rather stringent requirement for a demand function: it implies a strong form of convexity. The limiting case is also P Z = Ae −Z , A > 0, which is log-linear.
Theorem 2.3 is not an entirely convincing argument in support of Stackelberg's insight for two main reasons. First, the assumption of log-convex demand is quite restrictive. Second, since both Stackelberg configurations are equilibria of the extended game, this result does not offer an endogenous explanation of the roles of leader and follower. The following theorem provides sufficient (but not necessary, cf. Example 2 below) conditions for the emergence of a specific leader.
Theorem 2.4. Consider a duopoly with constant marginal cost c 1 for firm 1 (say) and no production costs for firm 2. Assume that P · is strongly log-convex everywhere but that P · − c 1 is log-concave on x m x , where x m is the smallest optimal monopoly output for firm 1 and x = P −1 c 1 . Assume further that an interior Cournot-Nash equilibrium exists. Then E = e l S 1 .
Proof. In order to use Proposition 2.1(c) we show that: (i) Each firm i is better off at any point in S i than at any point in N.
(ii) Firm 1 prefers its worst point in N to any point in S 2 , while firm 2 prefers any point in S 1 to any point in N.
(i) Follows from Lemmas B.3 (for firm 1) and B.5 (for firm 2). We now prove (ii). From Theorem 2.3 we know that all selections of r 2 · are upward-sloping. From Lemma B.6 all selections of r 1 · are downwardsloping. Recall that an interior Cournot equilibrium is assumed to exist. An argument similar to Lemma B.4 shows that the reaction correspondences are strictly monotone (whenever interior). Hence, the Cournot equilibrium must be unique. Call it x N y N . Let x 1 y 1 and x 2 y 2 be any Stackelberg equilibria with firm 1 and firm 2 as leader, respectively. Clearly, (2.1) continues to hold with x s y s and x y replaced respectively by x 1 y 1 and x N y N . Hence, y 1 < y N , from which it follows that x 1 < x N , since firm 2's reaction correspondence is strictly increasing in x (as in the proof of Theorem 2.3). Then, for every y, yP x N + y − C 2 y < yP x 1 + y − C 2 y (2.4) and, after taking sup's over y ≥ 0 on both sides of (2.4), one arrives at
or, in other words, firm 2 prefers its follower payoff to its unique Nash payoff. It remains to show that firm 1 prefers its Nash payoff to its follower payoff (with firm 2 as leader). But this fact follows from the proof of Theorem 2.2 (the only change being the roles of the two players). This completes the proof of Theorem 2.4.
Note that the larger c 1 is, the easier it becomes for P · − c 1 to be logconcave. As stated, the application of this result requires the knowledge of the monopoly output. Alternatively, one may require P · − c 1 to be logconcave everywhere, as is the case in Example 1 below. However, this may exclude some cases such as Example 2.8 in Amir (1996a) where the bounds x m and x are tight. Here, the best responses are increasing for firm 2 and decreasing for firm 1, as is shown in Amir (1996a, Theorem 2.7). Thus, a Cournot equilibrium may, a priori, fail to exist, whence the explicit assumption to this effect. Alternatively, one may provide a sufficient condition for existence, which is the quasi-concavity of payoffs in own strategies: see the discussion following the corollaries below. Since the existence of Cournot equilibria may not hold here (without the added assumption), the appropriateness of the Stackelberg equilibrium is further enhanced, since the latter exists independently of the quasi-concavity assumptions; see Hellwig and Leininger (1987) .
When costs are convex (i.e., the production technology exhibits decreasing returns to scale), the conclusion of Theorem 2.2 benefits from the uniqueness of Nash equilibrium in the quantity game.
Corollary 2.5. In addition to the hypothesis of Theorem 2.2, assume that
Proof. The first thing to show is that all the slopes of every interior reaction selection are in the interval −1 0 . Considering, say, firm 1, the best-response problem is either max x≥0 xP x + y − C 1 x , or alternatively, with z = x + y denoting total output,
The maximand in (2.5) is easily shown to be strictly supermodular in z y , and the feasible set y +∞ ascending. Hence, by Topkis's theorem, every arg max z · is nondecreasing. But since z y = x y + y, this says that the slopes of x · are all greater than or equal to −1. Together with the proof of Lemma B.1, this establishes that the slopes of interior reaction functions are all in −1 0 . By a well-known argument [see, e.g., Friedman, 1983; Amir, 1996b , Lemma 2.3), this property of the best responses yields uniqueness of the Cournot-Nash equilibrium. By Theorem 2.2, then, E = e e N . This completes the proof of Corollary 2.5.
Corollary 2.6. Under the hypothesis of Corollary 2.5, any Stackelberg equilibrium price of the quantity game is lower than the Cournot-Nash equilibrium price.
Proof. Let x S y S ∈ S 1 and note that N is a singleton from Corollary 2.5. From the proof of Theorem 2.2, (2.1) implies that x s > x N (i.e., firm 1 has a higher output as leader than as Cournot player). Then, from the proof of Corollary 2.5, x s + r 2 x s > x N + r 2 x N , where r 2 · is a singlevalued function (as shown in the previous proof). Hence, the Stackelberg equilibrium price is lower than the Cournot-Nash price.
Thus, under decreasing returns to scale in production, consumer welfare is always higher under a Stackelberg than under a Nash equilibrium. If, in addition, the assumptions of Theorem 2.3 or Theorem 2.4 are satisfied (so that a Stackelberg outcome prevails), then social welfare is always higher under the Stackelberg outcome than a Cournot-Nash outcome. This follows from the fact that, inherent to the HS construction, both leader and follower obtain higher profits than at Cournot-Nash whenever the endogenous outcome is Stackelberg.
Discussion and Examples
In this subsection, a discussion of the above results is provided, followed by a critique of Stackelberg's solution concept as it relates to quantity duopoly, using both formal and heuristic arguments. First, note that fixed costs may be incorporated in our framework as long as the interiority conditions of our results are preserved. Clearly, large fixed costs would lead to zero optimal responses, which may mean equilibria with one output being 0. It is important to point out that the interiority assumptions are needed only to ensure that Stackelberg and Nash equilibria do not coincide. Without these assumptions, our predictions would necessarily be weaker, in the sense that both sequential and simultaneous outcomes may be equilibria (at the same time).
In view of the generality of its assumptions, Theorem 2.2 considerably tilts the balance in favor of Cournot and not Stackelberg, as to the appropriate timing structure of the basic quantity duopoly. It is worthwhile to note that convexity in costs is only useful in ensuring uniqueness of the SPE of the extended game (Corollary 2.5). Finally, Corollary 2.6 points to the fact that consumer surplus is lower at the Cournot-Nash equilibrium than at the Stackelberg equilibrium.
Referring to a symmetric duopoly (owing to the absence of costs), Theorem 2.3 merely holds that each firm prefers being a Stackelberg leader or follower to being a Cournot-Nash player. Note that in the presence of costs, even with constant marginal cost, log-convexity of demand (together with the other technical requirements) will not necessarily lead to the conclusion of Theorem 2.3; see the discussion below and the proofs of Theorem 2.4 for further insight on this. The reader might also be inclined to suspect that with P · being log-convex here, the profit function might be quasi-convex in a firm's own output, thus leading to trivial solutions only. While there is indeed not much room in the assumptions of Theorem 2.3 to yield interior reaction curves, 10 this suspicion is certainly incorrect. To illustrate this point, consider the following family of demands: P x = 1/ x + 1 α , α > 0, which are log-convex (for all α > 0). This yields interior reaction curves r x = x + 1 / α − 1 if (and only if) α > 1, in which case the assumption xP x + y → 0 as x → ∞ is also satisfied. Then, the unique symmetric Cournot equilibrium is clearly x = 1/ α − 2 if α > 2 and x = ∞ if 1 < α ≤ 2, while the Stackelberg equilibrium is 1/ α − 1 α/ α − 1 2 for α > 1 (where the first entry is the leader's output). The computational details are left to the reader.
Theorem 2.4 says that when reaction curves are monotone in opposite directions, the firms will endogenously agree on sequential play with one specified leader: the downward-sloping firm, which is also the high cost or weaker firm. Here is an example.
Example 1. Let P Z = 1/ Z + 1 2 , C 1 x = cx, and C 2 y = 0. It is easily verified that P · is log-convex while P · − c is everywhere log-concave if c ≥ 1/3. Hence, this example satisfies all the conditions of Theorem 2.4, as long as c ≥ 1/3. The reader may want to verify that firm 1 is the only endogenous leader here.
To substantiate the claim that the emergence of one leader-follower configuration does not require the follower to have no costs (or, in other words, his reaction correspondence need not slope up everywhere), we provide a general heuristic discussion and a specific example next.
Let firms 1 and 2 have marginal costs c 1 and c 2 respectively. For the reaction correspondences to slope in the desired directions, one needs ∂ 1 x y /∂x ∂y ≤ 0 and ∂ 2 x y /∂x ∂y ≥ 0 along the solutions to the first-order conditions, or, after computations,
Assuming P · is log-convex boils down to P · P · − P 2 · ≥ 0. Also, P · is then necessarily convex, so that P · ≥ 0. In view of this, one certainly needs c 1 > c 2 for the inequalities in (2.6) to possibly hold. Thus, firm 1, the would-be leader according to Theorem 2.4, is, in fact, the less cost-efficient firm! This observation is in perfect contradiction with the conventional wisdom (or Stackelberg insight) according to which the leader represents the stronger player.
10 While log-convexity of P · means P · P · − P 2 · ≥ 0, it can be shown that a player's profit is quasi-concave in his own output if P · P · − 2P 2 · < 0. The two inequalities are clearly compatible.
To illustrate this discussion, another example is presented.
Example 2. Let P Z = Z + 1 −1 , C 1 x = x/4, and C 2 y = y/12. Then profits are 1 x y = x/ x + y + 1 − x/4 and 2 x y = y/ x + y + 1 − x/12. The reaction functions are (see Fig. 2 ):
The unique Cournot-Nash equilibrium, following a long computation, is S y S clearly dominates x N y N in the Pareto sense. Note, however, that this example does not fully conform to the hypothesis of Theorem 2.4, since player 2's reaction function is not monotone increasing everywhere (although it is on the relevant part). Computing the other Stackelberg equilibrium (with player 2 as leader), one sees that player 1 (as follower) prefers his Cournot equilibrium payoff to his Stackelberg payoff. In this particular example, then, the players would endogenously agree on x S y S as the unique equilibrium of the extended game: the weaker player is the natural leader once more.
As a closing remark, we emphasize that both Theorem 2.3 and the last example (together with Theorem 2.4) provide counterarguments to the FIGURE 2 claim that the Cournot-Nash equilibrium is the only plausible outcome in duopolies since each firm would always attempt to move first. This claim is often rooted in the wrong belief that a follower is always worse off than a simultaneous player.
CONCLUSION
The present study provides a thorough assessment of Stackelberg's critique of Cournot equilibrium invoking the natural and simple endogenous timing scheme of Hamilton and Slutsky (1990) . In view of the generality of the assumptions yielding simultaneous play in the Cournot duopoly, the widespread lack of enthusiasm for Stackelberg's concept as an alternative to Cournot in quantity duopoly is easily understood. Nonetheless, the conditions leading to sequential outcomes are not so easily dismissed, particularly when one observes that the global monotonicity of the reaction correspondence is a sufficient but not necessary condition for our analysis, as is well illustrated by Example 2 in Section 2.
We believe that a systematic analysis of this sort with regard to such fundamental issues in industrial economics is overdue. In particular, the comprehensive nature of our results and the minimality of the various assumptions, including the absence of customary technical assumptions (such as concavity of profits, uniqueness of Nash and Stackelberg equilibria ), allows the reader an easier access to the economic reasons or intuition driving the conclusions.
APPENDIX A
Here, we provide a brief summary of all the lattice-theoretic notions and results used in the present paper, in the simple framework of real action and parameter spaces: every result presented here is a special case of the indicated original result. A function F: 0 ∞ 2 → is strictly supermodular (strictly submodular) if
for all x 1 > x 2 y 1 > y 2 A 1 F: 0 ∞ 2 → has the strict single-crossing property or SSCP (dual SSCP) in x y if
Note that F strictly supermodular (strictly submodular) ⇒ F has the SSCP (dual SSCP). Furthermore, supermodularity is a cardinal property while the SSCP is ordinal. If F: 0 ∞ 2 → and h is a strictly increasing function from to such that h • F is strictly supermodular, then F has the SSCP.
If F is twice continuously differentiable and ∂ 2 F/∂x ∂y > < 0 ∀x y, then F is strictly supermodular (strictly submodular).
The monotonicity theorem used in this paper is due to Milgrom and Shannon (1994) :
y is nondecreasing (nonincreasing) in y if F has the SCCP (dual SSCP).
This result is a generalization of Topkis's (1978) result which assumes F is strictly supermodular (submodular) instead of the SCCP (dual SSCP).
We close with a statement of (a special case of) the associated fixed-point theorem, due to Tarski (1955) :
nondecreasing. Then the set of fixed points of f is nonempty and contains a smallest and a largest element.
A normal-form game is supermodular (ordinally supermodular) if the payoff functions are supermodular (have the SSCP). In both cases, we also say that the game has strategic complementarities. A two-player game with payoffs having the dual SSCP becomes an ordinally supermodular game once we reverse the order on one of the players' action set.
APPENDIX B
This appendix contains intermediate results that are useful building blocks for the proofs of our main results in the text.
Lemma B.1. In addition to the Standard Assumptions, assume that either P is log-concave or P satisfies P x + xP x < 0 ∀x ≥ 0 Also assume there exists
Then all outputs in K i ∞ are (serially) dominated actions for firm i, and every selection of the best-response correspondence r i · is nonincreasing in the rival's output.
Proof. See Novshek (1985) for the proof that P satisfies P x + xP x < 0 implies i is strictly submodular, and Amir (1996a) for the proof that P log-concave implies that i has the dual SSCP. The conclusion that every selection of r i is nonincreasing then follows from Theorem A.1.
Since K i is clearly an optimal monopoly output for firm i, so that K i ∈ r 0 , it follows that the outputs in K i ∞ cannot be best responses to any output level, in view of the monotonicity of r. This completes the proof of Lemma B.1.
Lemma B.2. Under the hypothesis of Lemma B.1, the quantity duopoly is a supermodular game. Hence, N is nonempty and includes the point x y where firm 1 ( firm 2) produces its highest (lowest) output in N. Furthermore, x y lies on r 2 · ∧ = min r 2 · and is firm 2's least preferred Nash equilibrium.
Proof. All the arguments here are based on the results from the theory of supermodular games. Reversing the natural order on (say) firm 2's output space, the quantity duopoly becomes a supermodular game with effective action sets 0 K 1 × 0 K 2 (Lemma B.1). Hence, N is nonempty and has, in particular, a greatest element (by Tarski's theorem). Given the order reversal, this greatest element is clearly x y .
The fact that firm 2 least prefers x y out of all the equilibria in N follows directly from the welfare result in Milgrom and Roberts (1990, Theorem 7) .
Finally, x y must lie on r 2 · , for otherwise the map x y → r 1 y , r 2 x which is nondecreasing (in the new order) would have a largest (in the new order) fixed point x y ∈ N with x y ∈ Gr r 2 · , and y < y in the original or natural order, contradicting the extremal nature of x y .
This completes the proof of Lemma B.2.
Lemma B.3. Under the hypothesis of Lemma B.1, every point x S y S ∈ S 1 must lie on r 2 · and
Hence, all points in S 1 give the leader the same payoff, which is at least as high as his best Nash equilibrium payoff.
Proof. We first show that every Stackelberg equilibrium (with firm 1 as leader) has to lie on the minimum reaction curve of the follower. Since payoffs are jointly continuous in the actions, the follower's best-response correspondence r 2 · has a closed graph. Hence, it has a minimum selection r 2 · which is lower semi-continuous and right-continuous.
Proceed by contradiction and assume that there is a Stackelberg equilibrium x s y s / ∈ Gr r 2 · , i.e., such that y s > r 2 x s . From Lemma B.1, we know that every selection of r 2 · is nonincreasing. Hence, the set of points at which r 2 · is not single valued coincides with the set of points at which the selection (say) r 2 · is discontinuous, which is a countable set. By the contradiction hypothesis, r 2 · is multivalued at x S . Hence, one can find a sufficiently small ε > 0 such that choosing x s + ε for the leader would lead to a unique best reply by the follower (i.e. r 2 · is single valued at x s + ε) that is strictly lower than y S (since y s > r 2 x S and r 2 · is right-continuous), and yield the leader a profit 1 x s + ε, r 2 x s + ε > 1 x s y s since 1 x y is continuous in x and strictly decreasing in y. But this is a contradiction to the hypothesis that x s y s is a Stackelberg equilibrium. Therefore, x s y s ∈ Gr r 2 · , and (B.1) holds, or, alternatively, S 1 = arg max x≥0 1 x r 2 x . Thus, all points in S 1 yield the same payoff to the leader. Since firm 1's most preferred Cournot-Nash equilibrium is x y , as defined in Lemma B.2, and since x y ∈ Gr r 2 · , the leader's payoff is at least as high as his best Nash payoff.
This completes the proof of Lemma B.3.
Lemma B.4. Under the assumptions of Theorem 2.2, the extremal Nash equilibrium x y / ∈ S 1 .
Proof. First, we prove the intermediate fact that the Dini derivates 11 at any point on the (minimal) reaction function r 2 · are always strictly negative in the extended reals, as long as the point is interior. By Lemma B.1, these Dini derivates are nonpositive. Now, the first-order condition that must be satisfied by r 2 · is (for firm 2), for every x ≥ 0 such that r 2 x > 0, P x + r 2 x + r 2 x P x + r 2 x − C 2 r 2 x = 0 B 2 Differentiating (B.2) with respect to x gives (here, r 2 · is a Dini derivate) 1 + r 2 x P x + r 2 x + r 2 x P x + r 2 x + r 2 x 1 + r 2 x P x + r 2 x − C 2 r 2 x r 2 x = 0 (B.3) Substituting (B.2) into (B.3) and setting, for some x 0 , r 2 x 0 = 0 for eventual contradiction, yields, after rearranging terms, −P 2 x 0 + r 2 x 0 + P x 0 + r 2 x 0 P x 0 + r 2 x 0 − C r 2 x 0 = 0 which contradicts the hypothesis that either P · is strongly log-concave (according to which −P 2 · + P · P · < 0 or C 2 · > 0, in view of the fact that P · < 0 and P x 0 + r 2 x 0 > C 2 r 2 x 0 , from (B.2).
Hence, no Dini derivate of r 2 · can be equal to 0 for r 2 x > 0, and, with Lemma B.1, this implies that r 2 · < 0. Now, we prove that x y / ∈ S 1 . Let x s r 2 x s be a Stackelberg equilibrium (with firm 1 as the leader). Since x y is interior by assumption, it must satisfy ∂ 1 x y /∂x = 0. (since r 2 · < 0 and ∂ 1 /∂y < 0 follows from P · < 0). Hence, x = x s and r 2 x = r 2 x s . If x s r 2 x s is not interior, then the conclusion follows from the assumed interiority of x y . This completes the proof of Lemma B.4.
Lemma B.5. Under the assumptions of Theorem 2.3, the conclusion of Lemma B.3 holds.
Proof. The proof is analogous to the proof of Lemma B.3, the only change being that the relevant deviation by the leader is now x s − ε for ε > 0 (instead of x s + ε), since all the selections of r 2 · are now nondecreasing. This deviation would not be feasible if x S = 0. However, since 1 0 y = 0 ∀y, x S must be greater than 0. The rest of the proof proceeds as in the proof of Lemma B.3.
Lemma B.6. Under the assumptions of Theorem 2.4, all the selections of firm 1's best-response correspondence r 1 · are nonincreasing.
Proof. See Amir (1996a, Theorem 2.7).
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